Abstract. In this paper, we compute some universal deformation rings for certain rank two Galois representations. We then study the relations between different deformation rings. These relations give explicit examples for the Breuil-Mézard conjecture.
Introduction
Fix a prime number p ≥ 3, a finite extension F/F p . Letr : G Qp → GL 2 (F) be a rank two continuous representation. In this paper, for certain nonsplitr, we compute a Fontaine-Laffaille deformation ring ofr and a potentially Barsotti-Tate deformation ring ofr. We then construct a canonical isomorphism between these two deformation rings, which provides an explicit example for the geometric Breuil-Mézard conjecture.
1.1. The geometric Breuil-Mézard conjecture. Let L be a finite totally ramified extension of W (F) [1/p] with ring of integers O and uniformiser π. We assume that L is sufficiently large, in particular, we assume that F > 5, so that PGL 2 (F) is a simple group. (Note that this condition is not essential for the computation in this paper, but it is needed in [7] to prove Theorem 1.3 and in Section 4.1 for the global argument.) Let τ : I Qp → GL 2 (L) be an inertial type, i.e., a representation with open kernel which extends to W Qp . Let and ω be the p-adic cyclotomic character and the mod p cyclotomic character respectively. Fix integers a, b with b ≥ 0 and a character ψ : G Qp → O × such that ψ = detr. We will also write ψ for the character (A ∞ F ) × /F × → O × corresponding to ψ via class field theory, which we normalize so that uniformisers correspond to geometric Frobenius elements. We let R ,ψ (a, b, τ,r) and R ,ψ cr (a, b, τ,r) be the framed deformation O-algebra which are universal for framed deformations ofr with determinant ψ , and are potentially semistable (respectively potentially crystalline) with HodgeTate weights (a, a + b + 1) and inertia type τ . Let σ(τ ) and σ cr (τ ) denote the finitedimensional irreducible L-representation of GL 2 (Z p ) corresponding to τ via Henniart's inertia local Langlands correspondence. We set σ(a, b, τ ) = σ(τ ) ⊗ L det a Symm b E 2 and σ cr (a, b, τ ) = σ cr (τ ) ⊗ E det a Symm b E 2 . We let L a,b,τ (respectively L cr a,b,τ ) be a GL 2 (Z p )-stable O-lattice in σ(a, b, τ ) (respectively σ cr (a, b, τ ).) Write σ m,n for the representation det m ⊗ Symm n F 2 of GL 2 (F p ), 0 ≤ m ≤ p − 2, 0 ≤ n ≤ p − 1. Then we may write [7, Lemma 4.3.1] , the truth of the conjecture is independent of the choice of ψ. We may assume that ψ is crystalline. If the Conjecture 1.1 is true for all a, b, τ , then C m,n (r) = 0 unless detr|
cr (m, n, 1,r)/π), wherem is chosen so that ψ| I Qp = 2m+n .
Using the numerical Breuil-Mézard conjecture, which is proved in many cases by Kisin in [9] , Emerton and Gee proved the following result in [7] . Theorem 1.3. Ifr ∼ ωχ * 0 χ for any χ, then Conjecture 1.1 holds forr.
1.2.
A special case of the geometric Breuil-Mézard conjecture. Let P be the property of being crystalline, or being semistable, or having Hodge-Tate weights W . We say that a representation r : G Qp → GL(V ) in characteristic p has property P if there is a representationr : G Qp → GL(Ṽ ) in characteristic 0 with property P , such that r is the reduction ofr. Let us consider the following special case. Assume that τ is a type such that in the right hand side of the equality
only one term with a m,n = 1 is nonzero. Then we should have an equality like
cr (m, n, 1,r)/π). This means that, in characteristic p, a deformation ofr with determinant ψ is potentially Barsotti-Tate of type τ if and only if this deformation ofr is crystalline of Hodge-Tate weights (m,m + n + 1). This kind of statement is certainly not true in characteristic 0, since the Hodge-Tate weights do not change by restricting to a subgroup of finite index. Theorem 1.1 is proved by an abstract argument. Although there is a close relation between weights and types, it is not obvious that equality (1.1) holds. In this paper, for a certain type of representationsr, we construct an explicit isomorphism R cr (m, n, 1,r)/π → R (0, 1, τ,r)/π, which gives us equality (1.1). In the following, we write R(a, b, τ,r) or R cr (a, b, τ,r) for the universal deformation rings without frame.
We recall the definition of the category MF 
There is an exact functor T cris from the category MF 
given by the following form:
In the above formulas, if we replace F by O, α, β, γ by their Teichmüller lifts in O, we obtain an object M ∈ MF
which is a rank two F-representation of G Qp . We assume further that αβγ = 0, in which case,r is a nontrivial extension of unr(β) · ω k by unr(α), where unr(x) : G Qp → F × is the unramified character which sends the geometric Frobenius to x. (See [3, Exapmle 5.1. (1)].) Letω be the Teichmüller lift of ω. The main result of this paper is the following one.
There is a natural isomorphism
which induces an isomorphism between the corresponding Galois representations. In other words, in characteristic p, a deformation ofr is crystalline with Hodge-Tate weights (0, k) if and only if it is potentially Barsotti-Tate with type 1 ⊕ω j . Remark 1.5. As mentioned before, this result is a special case of the Breuil-Mézard conjecture. The existence of the isomorphism is a consequence of the results (for example [7, Theorem 5.5 .4]) of Emerton and Gee. Nevertheless, the proof here is new and more explicit.
The content of this paper is as follows. In section 2, we construct a Breuil module with descent data M such that the generic fibre of M is isomorphic tor. By the relation between Breuil modules and finite flat group schemes, this proves Theorem 1.4 for the trivial deformation ofr. In section 3, we compute the deformations of M and M, which gives us R cr (0, k, 1,r)/π and R(0, 1, 1⊕ω j ,r)/π. With the explicit description of the rings, we then construct the isomorphism. In section 4, we construct a commutative diagram for a global Galois representation by applying Theorem 1.4 and explain how we may prove similar results in more general settings.
2. M and M have isomorphic generic fibres 2.1. Breuil module with descent data. Let us first recall the definition of Breuil modules with descent data. (See also for example [2] and [8] .
/u dp . We may consider ω as a function on G. For any g ∈ G, we write (2) If κ ≤ κ , then there is a fully faithful functor J : BrMod
which identifies BrMod
dd,K/Qp as a full subcategory of BrMod
where
, and N , [g] remain the same.
(3) Let Rep F (G Qp ) be the category of representations of G Qp over F-vector spaces. There is a covariant functor
We call the corresponding Galois representation T st (M) the generic fibre of M.
Let M be the object in BrMod 1 dd,K/Qp given by the following data: 
Here BrMod p−2 is the category of Breuil modules with no descent data. More precisely, for our M , F p−2 (M ) is given by the following data:
dd,K/Qp , we obtainM , which has the following form:
, it is easy to see thatM has the following form:
We define a morphism T :M →M of S-modules by letting E → e, F → u pj f.
We check that this is a morphism in BrMod
The claim follows. (2) T commutes with φ p−2 .
Indeed,
, and
The claim follows.
Indeed, it is obvious that
The claim follows. (4) T commutes with N . Indeed,
The claim follows easily. We see that T :M →M is a morphism in BrMod Let
F , we may assume that N has the following form:
Let ∆ = −γ −1 Z and F = F + ∆F . This does not change the form of Fil i . Moreover, we have
Thus we may assume that Z = 0.
By [6, Corollary 2.4.3], the object N over F[[X, W ]] given by
φ 0 (E ) = αE + XE, φ k (F ) = γE + βF + W F is the Fontaine-Laiffaille module that gives us the universal deformation r F L : G Qp → GL 2 (R cr (0, k, 1,r)/π).
Deformations of M.
Using the same idea as in last section, we compute the space Ext 1 (M, M). By Remark 2.2(1), we do not have to specify the monodromy N . See [4, Section 4] for the computation in a more general setting. Let N be such an object with basis e, f, e , f over S. By the lemma, we may assume that N has the following form: Proof. This is a special case of [4, Lemma 4.4].
Lemma 3.4. We may assume that x and w are elements in F, y ∈ S is either 0 or a monomial of degree j , z ∈ S is either 0 or a monomial of degree j.
Proof. This is a special case of [4, Lemma 4.5].
Lemma 3.5. We may assume that y = z = 0.
Proof. Let e = e + α −1 yf . First, since u j f = u j (f + te) − u j te ∈ Fil 1 M, this does not change the form of Fil 1 . Moreover,
we may assume that y = 0. By last lemma, there exists ∆ ∈ F such that z = ∆t. Let f = f +∆(f +te). Certainly, this does not change the form of Fil 1 . Furthermore,
Thus we may assume z = 0. Finally, by last lemma, the above changes of basis do not change the form of [g]. The lemma follows.
By equation (6.10) of [5], we know that dim
w]] and the object N given by the following data N = S e, f, e , f
N (e ) = 0, N (f ) = ne + ce with c = (
is the Breuil module that gives us the universal deformation r pBT : G Qp → GL 2 (R(0, 1, 1⊕ ω j ,r)/π). Here we give the formula of the monodromy operator for the computation in next subsection. Recall that this operator is determined by other data and is unique.
3.3. Construction of the isomorphism between the deformation rings. We have seen that
. These two rings are certainly isomorphic. In the following, we show that the isomorphism X → x and W → w induces an isomorphism on generic fibres. As we shall see, this is the case since we chose the right parameters for these two different deformation problems. The strategy is the same as in Subsection 2.2. Starting with the Fontaine-Laffaille module N , we obtain an objectÑ in BrMod p−2 dd,K/Qp given by the following data:
for all g ∈ G N = 0 The Breuil module N also gives us an objectÑ in BrMod p−2 dd,K/Qp , which has the following form.Ñ = e, f, e , f
We check that T is morphism of Breuil modules. Since the filtration and the descent data onÑ (resp. onÑ ) are direct sums of the filtration and the descent data onM (resp. oñ M), T maps Fil p−2Ñ into Fil p−2Ñ and T commutes with [g].
(1) T commutes with φ p−2 . Indeed,
The claim follows. (2) T commutes with N .
Indeed, since deg u n = deg u c = pj, we have
The claim follows easily. Since T is a morphism of Breuil modules, we obtain a morphism T st (T ) between the corresponding generic fibres. Note that T st (T ) is an isomorphism on the rank two sub representations and on the rank two quotient representations, T st (T ) is an isomorphism. This proves Theorem 1.4.
Some remarks
4.1. A commutative diagram in the global case. Letr : G Qp → GL 2 (F) be a continuous representation. By [7, Proposition 3.2.1], there is a totally real field F and a continuous irreducible representationρ : G F → GL 2 (F) such that (1) p splits completely in F ; (2)ρ is totally odd;
Q] is even; (7)ρ is modular. For ther in Theorem 1.4, we fix a totally real field F and a Galois representationρ : G F → GL 2 (F) with the properties as above. We choose a finite set S of finite places of F , containing all the places v | p and at least one other place. Using [9, Lemma 2.2.1], we can and do choose S so that conditions (1)-(4) in [9, Section 2.2] hold.
Let D be a quaternion algebra over F which is ramified at all the infinite places of Let A be a topological Z p -algebra. For each v | p, we fix a continuous representation σ v : U v → Aut(W σv ) on a finite free A-module. We write W σ = ⊗ v|p W σv and denote by σ : v|p U v → Aut(W σ ) the corresponding representation. We regard σ as being a representation of U by letting
w∈S\Σp be a commutative polynomial ring in the indicated formal variables. We consider the left action of (
and U πw acting via the double coset U w π w 0 0 1 U w . These operators do not depend on the choice of π v . We write
Let m be a maximal ideal of T univ S,O . We say that m is in the support of (σ, ψ) if S σ,ψ (U, O) m is non-zero. We say that m is Eisenstein if T v − 2 ∈ m for all but finitely many primes which split in some fixed abelian extension of F .
Assume thatρ is absolutely irreducible. (In the general case, the following discussion still holds if we use framed deformations.) For v ∈ Σ p , we denote by R v the universal deformation O-algebra ofρ| G Fv , and by R Suppose that m ⊂ T univ S,O is a maximal non-Eisenstein ideal with associated representationρ. That is, Trρ(Frob v ) = T v (mod m) for v ∈ S. We assume that m is chosen so that for v ∈ S\Σ p , U πv (mod m) is equal to one of the eigenvalues ofρ(Frob v ). We assume that T σ,ψ (U ) m = 0. The induced map
We consider two special σ and two corresponding deformation problems forρ. Let
. For σ 1 , we consider the deformations ofρ, which have determinant ψ , and are unramified outside S and potentially Barsotti-Tate of type τ at v | p. Let R 
By the above discussion, we obtain the following commutative diagram.
(4.4)
where γ is the isomorphism in Theorem 1.4. All the arrows in this diagram, except α and β, are isomorphism. The isomorphisms also induce isomorphisms between the corresponding Galois representations.
Remark 4.1. Although the authors of [7] did not construct such diagrams in their paper, man can certainly deduce this commutative diagram from the results in [7] . 
be the Fontaine-Laffaille module given by the following data: Step 1: Let M ∈ BrMod Then M and M have isomorphic generic fibres. The nontrivial morphismM →M is given by E → u p(k−1) e, F → u p 2 (k−1) f.
Step 2 Step 3: The morphism Z → z is the one that satisfies the properties in the theorem.
